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lator. The first-order approximation is mainly considered in this paper. The solutions (first-order
approximation) are valid for both small and large amplitudes of oscillation. The main advantage
of the present method is that its simplicity and straightforward. Moreover, the first-order approx-
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for all values of amplitude. The present method is more suitable for solving cubic–quintic Duffing
oscillator than other existing methods.
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Nonlinear oscillation problems are important tool in physical
science, mechanical structures, engineering structures and
other engineering research. Among one of them, Duffing equa-
tion is a well-known nonlinear differential equation, which is
related to many practical engineering systems, such as the clas-
sical nonlinear spring system, with odd nonlinear restoring
characteristics [1], and more recently in different physical phe-
nomena [2]. The unperturbed cubic–quintic Duffing equation
can be found in the modeling of the free vibration of a
restrained uniform beam carrying an intermediate lumped
mass and undergoing large amplitudes of oscillation in the uni-
model Duffing type temporal problem [3], the nonlineardynamics of a slender elastica, the generalized Pochhammer–
Chree (PC) equation and the compound Korteweg–de Vries
(KdV) equation [3]. A differential equation with fifth power
nonlinearity is very difficult to handle because of the presence
of strong nonlinearity.
Due to the presence of fifth power nonlinearity, the accu-
racy of approximate analytical methods becomes extremely
demanding. Many researchers were tried to solve this cubic–
quintic Duffing equation. Among them, Lai et al. [3] obtained
up to third-order approximations of such nonlinear oscillator
by using harmonic balance method. Guo et al. [4] used iterative
homotopy harmonic balance method to obtain the solution of
such nonlinear oscillator. Another author, Khan et al. [5]
obtained up to fourth-order approximations by using coupling
method of homotopy perturbation method [6] and variational
formulation [7]. But the determination of [3–5] is very labori-
ous process for obtaining second and higher-order approxima-
tions. Besides, Akbarzade and Khan [8] obtained an analytical
2960 M.A. Razzakapproximate solution of strongly nonlinear oscillator by using
coupling method of homotopy perturbation method [6] and
variational formulation [7]. One of the shortcomings of the
article [8] is that its trial functions not satisfy the initial condi-
tions. Recently, some authors [9,10] have obtained exact solu-
tion of this cubic–quintic Duffing equation. But their solution
procedure is complicated and also contains a set of algebraic
equations with Jacobian elliptic functions which are not easily
solved. Therefore, an analytical approximate technique of such
nonlinear oscillator must be needed. On the other hand, Raz-
zak and Alam [11] have used coupled method with new trial
function to investigate nonlinear oscillator having inertia and
static nonlinearities [12–14].
The main aim of this paper was that an analytical approx-
imate technique combined of homotopy perturbation method
and variational approach based on the new trial function has
been presented to obtain only the first-order approximate fre-
quency and the corresponding periodic solution of the strongly
cubic–quintic Duffing oscillator equation so that the new trial
function satisfies the initial conditions. The present method is
the same as the method [11], but the trial function is different
from the article [11]. The trial function of the article [11] fails
to investigate such nonlinear oscillator. The present trial func-
tion gives more accurate result than the trial function [11]. Fur-
thermore, the determination of first order approximation is
very simple and straightforward. On the other hand, it has
been already mentioned that the determination of second,
third and fourth-order approximations [3–5] is very laborious
process.
The most advantage of the present method is that the first-
order approximate frequencies are much significantly better
result than first, second, third and fourth-order approxima-
tions [3,5] for both small and large amplitudes of oscillation.
Therefore, the method is very powerful for solving such non-
linear oscillator.
2. Formulation and solution method
A cubic–quintic Duffing oscillator of a conservative autono-
mous system can be described by the following differential
equation, with cubic–quintic nonlinearities [3–5]:
€uþ auþ bu3 þ cu5 ¼ 0; ð1Þ
with initial conditions
uð0Þ ¼ A; _uð0Þ ¼ 0: ð2Þ
It is a simple harmonic oscillator if a – 0, b= c= 0, a
cubic Duffing oscillator if b – 0, c= 0, and a quintic oscillator
if c – 0, b= 0. Otherwise, it is a cubic–quintic oscillator if b
and c do not vanish.
By considering the nonlinear oscillator, Eq. (1), the follow-
ing homotopy can be constructed:
€uþ x2uþ p bu3 þ cu5 þ ða x2Þu  ¼ 0; ð3Þ
where p e [0, 1] and x is an unknown angular frequency of the
nonlinear oscillatorc which is further to be determined.
When p= 0, Eq. (3) becomes the linearized equation,
€uþ x2u ¼ 0. When p= 1, it turns out to be the original one.
Let us consider that the periodic solution to Eq. (1) may be
written as a power series in p:u ¼ u0 þ pu1 þ p2u2 þ . . . : ð4Þ
Substituting Eq. (4) into Eq. (3) and equating the coeffi-
cients of p0 and p1, we obtain
€u0 þ x2u0 ¼ 0; u0ð0Þ ¼ A; _u0ð0Þ ¼ 0; ð5Þ
and
€u1þx2u1þbu30þ cu50þðax2Þu0¼ 0; u1ð0Þ¼ 0; _u1ð0Þ¼ 0:
ð6Þ
The solution of Eq. (5) is u0 = A cos xt, where x will be
determined from the variational formulation for u1, which
reads:
Jðu1Þ¼
Z T
0
1
2
_u21þ
1
2
x2u21þbu30u1þ cu50u1þðax2Þu0u1
 
dt;
T¼ 2p
x
:
In the previous, Khan et al. [5] determined up to fourth-
order approximations because the second and third order
approximations are not desired result. But the determination
of higher-order approximations is very laborious task.
On the other hand, the trial function of article [8] was cho-
sen in the following form:
u1ðtÞ ¼ B cos xt 1
3
cos 5xt
 
ð8Þ
For the accuracy of the first-order approximate solution,
they [8] were also chosen the trial function in the following
form
u1ðtÞ ¼ B1 cos xt 1
3
cos 3xt
 
þ B3 1
3
cos 3xt 3
5
cos 5xtþ 5
7
cos 7xt
 
: ð9Þ
Here, we observe that the trial functions Eqs. (8) and (9)
not satisfy the initial conditions u1ð0Þ ¼ 0; _u1ð0Þ ¼ 0 when
substituting t= 0 in Eqs. (8) and (9). This is the main short-
comings of the article [8].
Recently, Razzak and Alam [11] have determined the
approximate solution of the strongly nonlinear oscillation of
a conservative oscillator having inertia and static nonlinearities
[12–14]. In article [11], the trial function was chosen in the fol-
lowing form:
u1ðtÞ ¼ B cos xt 1
3
cos 3xt 2
3
cos 5xt
 
: ð10Þ
The trial function Eq. (10) does not give significantly better
result for cubic–quintic Duffing oscillator. The convergence
rate of solution is very slow for investigating such nonlinear
oscillator (Eq. (1)). In order to get high convergence rate solu-
tion of such nonlinear oscillator, a new trial function is needed.
In this paper, the shortcomings of the articles [5,8,11] have
been eliminated by choosing a simple new trial function in the
following form:
u1ðtÞ ¼ B cos xt 1
53
cos 3xt 52
53
cos 5xt
 
: ð11Þ
The present paper solution Eq. (11) satisfies the initial con-
ditions u1ð0Þ ¼ 0; _u1ð0Þ ¼ 0.
Table 1 Comparison of present frequency and existing results for cubic–quintic Duffing oscillator when a= b= c= 1 .
A xe Lai et al. [3] Khan et al. [5] Present study
x1 x2 x3 x1 x2 x3 x4 x1
Er(%) Er(%) Er(%) Er(%) Er(%) Er(%) Er(%) Er(%)
0.1 1.00377 1.00377 1.00377 1.00377 1.00251 1.00283 1.00310 1.00343 1.00375
0.00 0.00 0.00 0.13 0.10 0.07 0.04 0.00
0.5 1.10654 1.10750 1.10658 1.10655 1.06983 1.07926 1.08771 1.09749 1.10507
0.09 0.00 0.00 3.32 2.47 1.71 0.82 0.13
1 1.52359 1.54110 1.52507 1.52375 1.34629 1.39843 1.44566 1.49514 1.51759
1.15 0.10 0.01 11.64 8.21 5.12 1.87 0.40
5 19.1815 20.2577 19.3735 19.2215 14.4504 16.2514 17.8277 19.1806 19.1897
5.61 1.00 0.21 24.67 15.28 7.06 0.01 0.04
10 75.1776 79.5362 75.9738 75.3454 56.3560 63.5548 69.8761 75.2652 75.1888
5.80 1.06 0.22 25.04 15.46 7.05 0.12 0.02
20 299.224 316.703 302.435 299.903 224.056 252.832 278.13 299.658 299.240
5.84 1.07 0.23 25.12 15.51 7.05 0.15 0.01
50 1867.58 1976.90 1887.69 1871.84 1397.99 1577.80 1735.91 1870.43 1867.62
5.85 1.08 0.23 25.15 15.52 7.05 0.15 0.00
100 7468.85 7906.17 7549.34 7485.89 5590.62 6309.83 6942.28 7480.34 7468.99
5.86 1.08 0.23 25.15 15.52 7.05 0.16 0.00
500 186709.59 197642.83 188721.99 187135.59 139754.70 157734.86 173546.20 186997.34 186712.68
5.86 1.08 0.23 25.15 15.52 7.05 0.16 0.00
1000 746836.94 790569.89 754886.52 748540.91 559017.44 630938.13 694183.44 747988.00 746849.23
5.86 1.08 0.23 25.15 15.52 7.05 0.16 0.00
where Er(%) denotes the absolute percentage error.
Table 2 Comparison of present frequency and existing results for cubic–quintic Duffing oscillator when a= 5, b= 3, c= 1.
A xe Lai et al. [3] Khan et al. [5] Present study
x1 x2 x3 x1 x2 x3 x4 x1
Er(%) Er(%) Er(%) Er(%) Er(%) Er(%) Er(%) Er(%)
0.1 2.24112 2.24112 2.24112 2.24112 2.23943 2.23985 2.24021 2.24065 2.24107
0.00 0.00 0.00 0.08 0.06 0.04 0.02 0.00
0.5 2.36616 2.36676 2.36616 2.36615 2.32261 2.33375 2.34346 2.35488 2.36513
0.03 0.00 0.00 1.84 1.37 0.96 0.48 0.04
1 2.79628 2.80624 2.79670 2.79630 2.61008 2.66128 2.70635 2.75665 2.79171
0.36 0.02 0.00 6.66 4.83 3.22 1.42 0.16
5 20.2165 21.2574 20.3911 20.2514 15.4212 17.2237 18.78951 20.1565 20.2364
5.15 0.86 0.17 23.72 14.81 7.06 0.30 0.01
10 76.1700 80.4984 76.9487 76.3326 57.2713 64.4818 70.7963 76.2022 76.1998
5.68 1.02 0.21 24.81 15.35 7.06 0.04 0.04
50 1868.56 1977.85 1888.65 1872.81 1398.89 1578.71 1736.82 1871.35 1868.62
5.85 1.08 0.23 25.14 15.51 7.05 0.15 0.00
100 7469.83 7907.12 7550.30 7486.86 5591.51 6310.74 6943.19 7481.26 7469.98
5.85 1.08 0.23 25.15 15.52 7.05 0.15 0.00
500 186710.58 197643.78 188722.95 187136.56 139755.59 157735.78 173547.11 186998.27 186713.68
5.86 1.08 0.23 25.15 15.52 7.05 0.15 0.00
1000 746837.94 790570.84 754887.48 748541.88 559018.31 630939.00 694184.38 747988.88 746850.22
5.86 1.08 0.23 25.15 15.52 7.05 0.15 0.00
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Table 3 Comparison of present frequency and existing results for cubic–quintic Duffing oscillator when a= 1, b= 10, c= 100.
A xe Lai et al. [3] Khan et al. [5] Present study
x1 x2 x3 x1 x2 x3 x4 x1
Er(%) Er(%) Er(%) Er(%) Er(%) Er(%) Er(%) Er(%)
0.1 1.03970 1.03983 1.03970 1.03970 1.0262 1.02961 1.03260 1.03613 1.03928
0.01 0.00 0.00 1.30 0.97 0.68 0.34 0.04
0.5 2.52470 2.60408 2.53505 2.52642 2.05015 2.21148 2.35420 2.48908 2.51979
3.14 0.41 0.07 18.80 12.41 6.75 1.41 0.20
1 8.01007 8.42615 8.08069 8.02429 6.10328 6.81932 7.44401 7.98836 8.01443
5.19 0.88 0.18 23.81 14.87 7.07 0.27 0.06
5 187.200 198.119 189.203 187.623 140.205 158.192 174.001 187.460 187.213
5.83 1.07 0.23 25.11 15.50 7.05 0.14 0.01
10 747.325 791.044 755.366 749.027 559.465 631.394 694.636 746.573 747.348
5.85 1.08 0.23 25.19 15.51 7.05 0.15 0.00
50 18671.40 19764.71 18872.63 18714.00 13975.87 15773.90 17355.03 18700.15 18671.7
5.86 1.08 0.23 25.15 15.52 7.05 0.15 0.00
100 74684.13 79057.42 75489.08 74854.53 55902.15 63094.22 69418.75 74799.21 74685.4
5.86 1.08 0.23 25.15 15.52 7.05 0.16 0.00
500 1867091.6 1976424.01 1887215.59 1871351.54 1397542.9 1577344.5 1735457.9 1869969.3 1867122.31
5.86 1.08 0.23 25.15 15.52 7.05 0.16 0.00
1000 7468365.0 7905694.62 7548860.93 7485404.69 5590170.5 6309377.0 6941830.5 7479875.5 7.468487.76
5.86 1.08 0.23 25.15 15.52 7.05 0.16 0.00
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trial function Eq. (10). Moreover, the trial function given by
Eq. (11) makes the solution rapidly converges and the determi-
nation of first-order approximation is very easy and simple.
Substituting u1 into functional Eq. (7), we obtain the fol-
lowing result:JðA;B;xÞ ¼ Bp 53ð848aAþ 632bA
3 þ 473cA5Þ  16ð2809Aþ 32; 452BÞx2	 

44; 944x
: ð12ÞSetting:
@J
@B
¼ 0; @J
@x
¼ 0: ð13Þ
Solving Eq. (13), we obtain the first approximate frequency
as a function of amplitude as
x ¼ x0 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
aþ 79bA
2
106
þ 437cA
4
848
s
; ð14Þ
where the angular frequency, x0, is the first-order analytical
approximation.
Therefore, the first-order approximate solution of Eq. (1)
becomesuðtÞ ¼ A cos xt; ð15Þ
where x is given in Eq. (14).
Therefore, the determination of first-order approximation
is very easy and straightforward.3. Results and discussion
In the present work, an analytical technique based on the new
trial function has been presented to obtain the approximate
frequency and the corresponding solution of cubic–quintic
Duffing oscillator. The present method is valid for both and
large amplitudes of oscillation. Recently, Khan et al. [5] have
obtained first, second, third and fourth-order approximate fre-
quencies of the same oscillator by coupling of homotopy and
variational approach. But the determination of third and
fourth-order approximations is laborious process. On the
other hand, Lai et al. [3] obtained the first, second and third-
order approximations of such oscillator by using harmonic
Table 4 Comparison of the approximate solution obtained by
present method with the corresponding numerical solution
obtained by fourth-order Runge–Kutta method for a= 1,
b= 1, c= 1, A= 0.01.
t xnu Present solution
Er(%)
0.0 0.010000 0.010000
0.00000
0.25 0.009689 0.009689
0.00000
0.5 0.008776 0.008776
0.00000
0.75 0.007317 0.007317
0.00000
1.00 0.005403 0.005403
0.00000
1.25 0.003153 0.003153
0.00000
1.50 0.000707 0.000707
0.00000
1.75 0.001783 0.001783
0.00000
2.00 0.004162 0.004162
0.00000
2.25 0.006282 0.006282
0.00000
2.50 0.008012 0.008012
0.00000
2.75 0.009244 0.009244
0.00000
3.00 0.009900 0.009900
0.00000
xnu represents numerical solution obtained by fourth-order Runge–
Kutta method and Er(%) denotes the absolute percentage error.
Table 5 Comparison of the approximate solution obtained by
present method with the corresponding numerical solution
obtained by fourth-order Runge–Kutta method for a= 1,
b= 1, c= 1, A= 0.1.
t xnu Present solution
Er(%)
0.0 0.100000 0.100000
0.00000
0.25 0.096860 0.096868
0.00825
0.5 0.087642 0.087668
0.02967
0.75 0.072933 0.072977
0.06033
1.00 0.053664 0.053715
0.09504
1.25 0.031049 0.031088
0.12561
1.50 0.006501 0.006513
0.18459
1.75 0.018452 0.018470
0.09756
2.00 0.042256 0.042295
0.09230
2.25 0.063428 0.063471
0.06780
2.50 0.080640 0.080672
0.03968
2.75 0.092805 0.092819
0.01509
3.00 0.099151 0.099152
0.00100
xnu represents numerical solution obtained by fourth-order Runge–
Kutta method and Er(%) denotes the absolute percentage error.
Solving cubic–quintic Duffing oscillator 2963balance method. It has been already mentioned that the
higher-order approximation contains a set of algebraic equa-
tions when harmonic balance method is applied. Furthermore,
theses algebraic equations are not easily analytically solved. In
this situation, the present paper has been presented only first-
order approximation which can be determined easily. More-
over, the first-order approximation not only gives better result
than other existing first-order approximation [3,5] but also
gives better result than other existing second, third and even
fourth-order approximations [3,5]. It is the main advantage
of the present work.
To verify the efficiency and accuracy of the present method
for cubic–quintic Duffing oscillator, we have determined the
approximate frequencies obtained from Eq. (13) and compared
with other existing frequencies obtained in [3,5] and also with
the exact result for several values of amplitude in the three
cases a= b= c= 1, a= 5, b= 3, c= 1 and a= 1,
b= 10, c= 100. All results have been shown in Tables 1–3.
In all Tables 1–3, the relative errors for the approximate fre-
quencies for different parameters have been presented.The relative errors of the first-order analytical approxima-
tion obtained in this paper compared with the exact solution
are less than 0.00%, respectively in the limit as A?1.
On the contrary, the relative errors of the first, second and
third-order analytical approximations obtained by Lai et al. [3]
compared with the exact solution are less than 5.85%, 1.08%
and 0.23% respectively. Furthermore, the relative errors of
the first, second, third and fourth-order analytical approxima-
tions obtained by [5] compared with the exact solution are less
than 25.15%, 15.52%, 7.05% and 0.15% respectively.
Furthermore, we have determined the first-order approxi-
mate solutions of Eq. (1) for different values of A and includ-
ing all results with corresponding numerical solutions obtained
by fourth-order Runge–Kutta method. All results have been
presented in Tables 4–6. In each Table, the absolute errors
have been calculated. Finally, we have determined the
first-order approximate solutions of Eq. (1) for different values
of parameters A, a, b, c and those solutions have been pre-
sented in Figs. 1–6. All figures have included the corresponding
numerical solution (considered to be exact solution).
Table 6 Comparison of the approximate solution obtained by
present method with the corresponding numerical solution
obtained by fourth-order Runge–Kutta method for a= 1,
b= 1, c= 1, A= 0.5.
t xnu Present solution
Er(%)
0.0 0.500000 0.500000
0.00000
0.25 0.479709 0.481040
0.27746
0.5 0.421295 0.425598
1.02137
0.75 0.331209 0.337879
2.01383
1.00 0.217924 0.224535
3.03363
1.25 0.090311 0.094163
4.26526
1.50 0.043011 0.043350
0.78817
1.75 0.173631 0.177580
2.27436
2.00 0.293032 0.298340
1.81141
2.25 0.392404 0.396470
1.03618
2.50 0.462994 0.464530
0.33175
2.75 0.497398 0.497370
0.00562
3.00 0.491543 0.492480
0.19062
xnu represents numerical solution obtained by fourth-order Runge–
Kutta method and Er(%) denotes the absolute percentage error.
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Figure 1 Comparison of approximate periodic solution obtained
by present method (denoting by circles) with exact solution
(denoting by solid line) for the cubic–quintic Duffing oscillator for
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-0.6
-0.5
-0.4
-0.3
-0.2
-0.1
0
0.1
0.2
0.3
0.4
0.5
0.6
0 0.25 0.5 0.75 1 1.25 1.5 1.75 2 2.25 2.5 2.75 3
t
u 
(t)
Figure 3 Comparison of approximate periodic solution obtained
by present method (denoting by circles) with exact solution
(denoting by solid line) for the cubic–quintic Duffing oscillator for
a= 5, b= 3, c= 1, A= 0.5.
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Figure 4 Comparison of approximate periodic solutions
obtained by present method (denoting by circles) with exact
solution (denoting by solid line) for the cubic–quintic Duffing
oscillator for a= 5, b= 3, c= 1, A= 1.
2964 M.A. Razzak
-0.6
-0.5
-0.4
-0.3
-0.2
-0.1
0
0.1
0.2
0.3
0.4
0.5
0.6
0 0.25 0.5 0.75 1 1.25 1.5 1.75 2 2.25 2.5
t
u 
(t)
Figure 5 Comparison of approximate periodic solution obtained
by present method (denoting by circles) with exact solution
(denoting by solid line) for the cubic–quintic Duffing oscillator for
a= 1, b= 10, c= 100, A= 0.5.
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Figure 6 Comparison of approximate periodic solution obtained
by present method (denoting by circles) with exact solution
(denoting by solid line) for the cubic–quintic Duffing oscillator for
a= 1, b= 10, c= 100, A= 1.
Solving cubic–quintic Duffing oscillator 2965From these tables and six figures, we see that the first-order
approximate solutions obtained in this paper are nicely in
agreement with the corresponding numerical result for all val-
ues of parameters A, a, b, c. On the contrary, the first-order
solutions obtained in [3,5] deviate from the corresponding
numerical result. The convergence rate of the present method
is very faster than [3,5]. Therefore, the present method is more
suitable for solving Eq. (1) than [3,5].
4. Conclusion
In this paper, a simple analytical approximate technique
based on the new trial function has been presented to solvecubic–quintic Duffing oscillator. The shortcoming of the article
[8] has been eliminated by choosing a new trial function in the
present study. Moreover, the present method gives better result
than other existing result for both small and large amplitudes of
oscillation. It has been proved that the present method is very
effective, convenient and more accurate accuracy for solving
strongly cubic–quintic Duffing oscillator.
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